TMA1101Calculus, Trimesterl, 2016/2017 Topic 9a: Ordinary Differentiajuations (1st order)

Topic 9: Ordinary Differential Equation

9.1 Basic Concepts and I deas

Definition:

t

A differential equation (DE) is an equation involving an unknown function and
derivatives.

Differential equations are classified accordingytoe, order, and linearity.

Classification of differential equation

An equation containing only ordinary derivativesthwespect to gingleindependent
variable is said to be aardinary differential equation

The following are differential equations involvitige unknown function.

Example 1: (i) dy = COSX y' =cosx or  dy=cosxdx
dx or
Jdy__x X X
(||)$(—‘§ y =—— dy=-—dx
or Y or y

dy _ 6
(iii)xa_‘ly_xex' or X/ —4y=xXe*

2
i3y -5 1 6y=0 y' =5y +6y=0
dx dx or

A partial differential equation (or briefly aPDE) is a mathematical equation that involves
two or more independent variables, an unknown fandidependent on those variables), and
partial derivatives of the unknown function wittspect to the independent variables.

Example 2:Hereu = u(t, x) is the unknown function with two independent valést andx.

@:@ (heat equation)

ot ox?

d'u +6_2u =0 (Laplace’s equation)
X’ o2

Classification by Order

The order of the highest-order derivative in aatihtial equation is called ttoeder of the
equation.
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Example 3:
d?y dy)’ : : . .
d_2 + S(d_j -4y = ¢ second-ordeordinary differential equation.
X X
20% %y
a ox? + _at2 =0 fourth-order partial differential equation.

Classification as Linear or Nonlinear

An ordinary differential equation is said to beelan if it can be written in the form

n-1

d" d d
809 ) a9 o) Ay =00,

It is characterized by two properties:

0] The dependent variable and all its derivatives are of tHest degree that is, the
power of each term involvingis 1.

(i) Each coefficient depends on only the independemalvie x.

An equation that is not linear is said tormlinear.

Example 4:
xdy+ ydx=0 Linear first-order ordinary difential equation

y'-2y +y=0 Lineaecond-order ordinary differential equation

3 2
x3—d y—x2—d y+3xﬂ

+5y=e* Linear third-order ordinary differential ecioat

dx3 dx? dx
yy' _Zy =X Nonlinear second-order ordyndifferential equation
because it involves the productyadnd y" .
3
d’y o _ 0 _ . L . .
ﬁ % = Nonlinear third-order ordry differential equation

Concept of Solution

Definition: Any function f defined on some intervdl, which when substituted into |a
differential equation reduces the equation to amtitly, is said to be solution
of the equation on the interval.

Example 5:
Verify thaty = ¥ is a solution of the differential equation (DEY' = 2y for all x.
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Solution:

To show thay = x? is a solution of the DE, we have to show thatltH& of the DE is equal
to the RHS. Differentiating = x* with respect toc andsubstitutingy’ = 2x into the LHS of
the DE ,we obtain

LHSxy" = X(2X) = 2x?
RHS = 2y=22

We have an identity ir because LHS=RHShereforey = » is a solution of the DE.
Remark:Verifying thaty = f(x) is a solution of a DE is usually relatively easyit involves
differentiation. Solving a DE is much more difficuds it involves finding the unknown

functiony = f(x).

Explicit and Implicit Solutions

A solution of an ordinary differential equation tltan be written in the form = f(x) is said
to be anexplicit solution It is also a solution in which the dependent vdeab expressed
solely in terms of the independent variable andstant.

A relationG(x, y) = 0 is said to be amplicit solution of an ordinary differential equation gn
an intervall provided it determines implicitly a differentialdienction y = f (x) that satisfies
the differential equation oh

Example 6:
For-1 <X < 1, show that the relatioix? + y? - 1 = Qis an implicit solution of the

. . _dy_ X
differential equatlond—X Y

Solution: We are going to show by differentiating + y2 - 1 = Owith respect t, we

arrive at the D?/ =X
X y

d oy, d o _d
T V) 7 (W =0

dx
2x+ ZyQ =0
dx
dy__Xx
dx y
Example 7:
Show that the functioff =3X€"is a solution of the linear (differential) equatio

y' -2y +y=0
Solution: We find  y' = 3xe* + 3¢

y" = 3xeX + 3 + 3
= 3xe + 6
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Therefore
y"' -2y +y = (3x€& + 6) - 2(3xe& + &) + 3x& =0

Hencey =3X€" is a solution of the DE

In generalit can be shown that = AXe whereA is an arbitrary constant, is a solution of
the differential equatiog” - 2y' +y=0.

Hence this is known as tlgeneral solutionof the differential equation whilke= 3x€&' is a
particular solution.

The most general function that will satisfy thefeliéntial equation contains one or mc

arbitrary constants; it is known as tgeneral solutionof the differential equation. Givin
particular numerical values to one or more of thestants in the general solution results
particular solution of the equation.

bre

na

Example 8:

Solve Yy’ = COS X
Solution:

y = sin x + ¢ with arbitraryc.

Figure 1 shows some of the solutions, for c =23;%, 0, 1, 2, 3, 4.

L
|

— 2 e T

e _..-'

—— e s iy =

. T -~
e = . -
."-
._"- — —
_— -
- ~ & b

Fro. 1 Serlutiearis il § Cawe N

Initial-Value Problem
An initial value problem is anordinary differential equation

dy d"y|_
F X’y’&’m’dx” =0 (which is amth-order differential equation)

together with the initial condition

y(X0) = Yo, Y (%) =VY1, ..., Y"(X0) = Yn1,

whereXg, Yo, Y1, - - . ,¥n-1 are arbitrary constants.

Example 9 :
1. The initial value problem. VX)=y; ¥0)=3

2

2. The initial value problem ((jj Y i y=0; y(0)=-1,vy'(0) =1.
X

2
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9.2 Separ able Differential Equations

Definition:

A first-order differential equation that can be egsed in the form
=t o gy)dy= f()x (1)

is said to beseparableor to haveseparable variablesheref(x) is a function that depends
only onx andg(y) is a function that depends only yn

d .
Example 10:Show that d_i/ =xé**? s separable.
Solution:
% = xe'e” ; dy = xe'e®dx ;
e?’dy = xe‘dx

which is of the formg(y)dy= f(Xdx

Example 10a: The differential equation ? =3x-y IS not separable because it cannot be
X

expressed in the formg(y)dy = f (X)dx

Method of Solution : Separable equation

To solve a separable D&y)%’ = f(x) We integrate on both sides with respect,tobtaining
X

Ig(wg¥wu=jﬂxmx+o

Jamdy = [ f(x)dx+c.

Example 11:

d
Solve the differential equationd—i/ =1+y

Solution: We note that the DE is separable because it eaxpressed in the form
g(y)dy= f(x)dx

1 .
mdy—dx
1
leydy—‘[dX
Infl+y|=x+c

This is an implicit solution of the DE. It can benwverted into an explicit solution of the
form y= f(x). How?
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Example 12:
Solve the differential equatio®yy' + 4x =0
Solution:
dy _ - 4x
dx 9y
[9ydy = —[4xdx
9 y2 = —2x2 + C*
2
2 2
DS A
g g ¢

The solution represents a family of ellipses.

9.3 Linear Differential Equations

Definition:

A differential equation of the form

al(x)% +a,(X)y = g(x) is saidto be #irst-order linear equation
X

For example,

xﬂ -4y = x°%*
dx

is a first order linear DE.
Here a,(X)=X%, a,(X)=-4, and g(x)=x’*

Method of solution :First Order Linear Differentialequation

1.

d
Make the coefficient Ofd_z unity. i.e.
Y Py =r(x
dx

For homogeneous equatiaix) = 0,

dy

Ny +P(X)Y =0 s a separable equation.
Identify p(x) and find the integrating factor

u =™,

Multiply the equation obtained in step (1) by th&eprating factor:
eJ' P(xdax dy jP(x)dxy _ ej PO9dx o

d—+ P(xe
X

The left side of the equation in step (3) is theivdéive of the product of th
integrating factor and the dependent varigbkhat is,

o|i[eI Ty = e ()
X

Integrate both sides of the equation found in §4¢p

112
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Example 13
d
Solve X—il—4y= x%eX.
Solution:
dy 4 5
1. Rewrite the DE as d_i/ ‘; y=X eX.

2 We then note thaP(x) = —ﬂ. Hence, the integrating factor is given by
X

_4)q _ -
H(X) = eI( e e =" = pocause ™ = 1 X )

X

1
—y=[xe'dx=xe" - +¢c
X

y = x°e*-x"e* +cx*

Example 14:
Solve the initial value problem: Yy’ + 2xy =X, ¥0)= 1.

Solution:
Here P(X) = 2X,

e[P(x)olx _e[zxdx_ 2
Integrating factar (X)) = — —€ .

e dy +2xy | = x&°

Multiplying into the equation, dx

d 2 2
— e’ y)=xe"
)

2 2 1 2
e“y=|xedx ==e* +c
y=| 5
1
[7 y(x):§+ce :

From the initial condition, whenx=0, y=1
1 1
[ 1==+c Hence¢ =~
2 2

1 1 .
The solution of our initial value problem is y(X) = E +§e <
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9.4 Exact Differential Equations

Revision on Partial Differentiation (Topic 8)
Example:

of
Find o and— if f(X y)= X +3xy+ y-1.
0X ay

Solution: Regarding y as a constant and differamigaf(x,y) with respect to x, we obtain
of 09/,
— =—(X +3xy+ y-1)=2x+ 3
o X TV YL =203y

Regarding x as a constant and differentiati(gy) with respect to y, we obtain
of 0
— :—(x2 +3xy+ y- 1) = 3x+ 1
dy 0y

Example:
Find & and?t it f(x, y) = ysin xy
oX ay

Solution:
ﬂ
0X

of 0 . 0, . : 0
— =—(ysinxy) = y—(sinxy) + (sin X
Y ay(y y) yay( Y+ ( Yoy O

= i(ysin Xy) = yi(sin Xy) = y® COSxy
0X 0X

= ycosxyai (Xy)+ SinXy= XyCOSXy SinXxy

Definition of Total Differential

If f=1f(x,y) then the differential off , denoteddf , is defined by

df = f,(x y)ax+f,(x y)dy  ar =900 gy, N g
or 0x oy

df is also called the total differential &f

Example: Let F =F(x,y) :%xgyg. Then

oF oF 0.1 J 1
dF = —dx+—dy=—(=x3y?})dx+— (= x3y*)d
ox ay y ox 3 y) 6y(3 y')dy

dF=x?y*dx+ x*y*dy
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Definition of Exact Differential Equations
A differential equation

M (X, y)dx+ N(x,y)dy=0

is said to beexactin a regionR of thexy-plane if there is a functiof(x, y)such that

—GF((;;, Y) - M(X,y) and —aF((;;' ) - N(X,y).

That is, the total differential d¥ satisfies

dF(x, y) = M(x y)dx+N(x y)dy.

Example 15:
1. Show that the differential equatioy*dx + x2y?dy = Ois exact.

Solution: To show that the DE is exact we have to find afiom F(x,y) such that its
differential

dF =a—Fdx+a—de: x? ydx+ x*y*dy
0X oy

We claim that F (x, y) :%x3y3 is such a function becaus%Ii =x%y® and g—l; = x’y?
X

dF= R3dx + 3y2dy.

Remark : In practice, producing such a functgry) to show that the DE is exact is not
that easy. In fact if we can produce such a functiben the solution of the DE is given
implicitly by F(x,y) = c. Later we will give an easier criterion testing whether a given
DE is exact or not.

dy  siny

Example 15a Solve dx m.
Solution: The above d.e. in differential form can be writéen
siny dx +(xcosy —2y)dy =0

To solve the DE we would have to produce a funckiqgy) such that the LHS of the
above DE isdF(x,y), the total differential of £&,y). We can verify that such a function is

F(xy) =X Siny — y-.
@xsiny —y)=0

Hence X siny — ¥ = ¢ is the solution of the DE.

Therefore
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Theorem (Criterion for an Exact Differential)

Let M(x, y) and N(x, y) be continuous and have continuous first partedivétives in &
rectangular regioR. Then a necessary and sufficient condition that

. ... 0
be an exact differential is —=—.

M (X, y)dx + N(x, y)dy

M _oN

dy Ox

Method of solution : Exact equation

1. If Mdx + Ndy = Ois exact, then‘?’£ = M . Integrate this last equation with respeck to
X
to get F(X,Y)=IM(X, o+ dy. (2
2. To determine g(), take the partial derivative with respect yoof both sides of
equation (2) and substituiéfor g—'; We can now solve for {y).
3. Integrate ¢(y) to obtain gy) up to a numerical constant. Substituting/)ginto
equation (2) give&(x, y).
4. The solution tavidx + Ndy =0 is given implicitly by F(x,y) = C.
(Alternatively, starting with‘Z—F: N, the implicit solution can be found by first
y
integrating with respect tg)
Example 16:
Solvg[e? - y cos xy)dx +(2xe”¥ - xcos xy + 2y)dy = 0.
Solution:

Here M (x,y) = (% - ycosxy) and N(xy)=(2xe - XxCosxy + 2y).

Therefore%—l\; = 2e”Y + Xysinxy — COSXy = %—I:l( the equation is exact.

Hence, a functiorF (x,y) exists for which v (xy) :‘;_F and  N(xy) :g';.
X
0 (W e”¥ — ycos xy
0X
F(x y)=[ € de yfcos xydx X&-sin xy ¢
oF

a—=2xe2y—xcosxy+ g'(y)= NE 2x€& — xos xy 2
y

so that g'(y) =2y and g(y) =y>+c.

Hence, a one parameter family of solutions is given

xe” —sinxy + Y+ C = 0.
THE END
(nby, July 2016)
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Topic 9b: Second Order Differential Equations

9.5  SOLVING SECOND ORDER DIFFERENTIAL EQUATIONS

A second-order differential equation is callegkar if it can be written as
y” + p(x)y' + q(x)y = r(x) (1)

wherep, g, rare any given function of. Any secondorder differential equation that canrot

be written in the above form is callednlinear.

If r(x) =0, equation (1) becomes

y” + p(x)y" + q(x)y =0 (2)
and is callechomogeneous

If r(x) is not identically zero, the equation is caltexh-homogeneous

Example 1
y" + 4y = e*sinx --- non-homogeneous linear d e
(L->)y”—2xy'+ 6y =0 --- homogeneous linear d.e
XY'y+y?3+2yy=0 --- homogeneous nonlinear d.e

Theorem(Fundamental theorem for the homogeneous equation
For a homogeneous linear differential equation &)y linear combination of two solutions
on an open intervdlis again a solution of (2) dn In particular, for such an equation, sums
and constant multiples of solutions are again smist

Example 2

1. Verify thaty = e‘andy = €* are solutions of the homogeneous linear diffeadguation
y'=y=0

2. Arey =c€, y = de* andy = ce + de* also solutions?

Solution:

1.

Wheny=¢* , y'=e‘andy"=¢" Wheny=¢e™ , y'=-e ™ andy"'=e™*

Hencey'-y=e"-e*= 0 Hencey'-y=e"-e* =0

Therefore,y = e* is a solution for the d.e. | Therefore,y =€ is also a solution for the d.e.

2

Wheny=ce* , y'=ce*andy'"=ce Wheny=de™ , y'=-de*andy"'=de*

Hencey'-y=ce*-ce*= 0 Hencey'-y=de™ -de™ = 0
Therefore,y = ce* is a solution for the d.€. Therefore,y =de™ is also a solution for the d.e.
y=ce'+ dé&*
Similarly, y'= e~ dé&*
y"=cd + de*

Oy y=(cé + dé¥) - ( c&+ d&)=0
Therefore,y = c€ + dé* is another solution for the d.e.

Note This theorem does not hold for the non-homogememuation or for a nonlinear
equation.
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General Solution
For second-order homogeneous linear equations (f@neral solutionwill be of the form
y= Ciy1 + Coy2 3)

a linear combination of two (suitable) solutiongalving two arbitrary constants, c.
These two solutions/{and y-) form abasis (or fundamental set of solutions to the d.e. (2)
onl.

Particular Solution
A particular solutionof (2) onl is obtained if we assign specific valuest@ndc;in (3).

Initial Value Problem

For second-order homogeneous linear equations)itzal value problemwould consist of a
homogeneous linear differential equatigh + p (X)y' + q(X)y =0

and two initial conditions YXo0) = Ko, Y'(x0) = Ki,

Linear independence and dependence
Two functionsyi(x), y2(x) are said to be linearly dependent on an intelvélthere exist
constantgi, ¢ not all zero, such that

ciy1(X) + @y2(x) =0

for everyx in the interval.

It is said to bdinearly independenton an interval if it is not linearly dependent on the
interval.

Example 3
The functionfi(x) = sin 2x andf(xX) = sin x cosx are linearly dependent on the interygad, «)
since

C1Sin X + c2sinxcosx =0

is satisfied for every realif we choosec, =% andc, =-1.

Definition of a basis

A basis of solutions of (2) on an intertak a pairys, y» of linearly independensolutions of
(2) onl.

951 HOMOGENEOUSEQUATIONSWITH CONSTANT COEFFICIENTS

In this section, we show how to solve homogeneeuasrsd order linear equations
ay” +by +cy=0 (4)
where the coefficienta(z0), b andc are constants.

We try a solution of the form = e*. Theny’ = Ae* andy” = A%™.
Equation (4) becomes

al’e™ + bie™ + ce™*=0

(@2 + b + c)e” = 0.

Because=™ is never zero for real values xf
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al?+bAl+c=0.
This latter equation is called thexiliary equation or characteristic equation

The roots of the auxiliary equation are

_ —b++/b*-4ac J _ —b-+/b*-4ac
- , , =

A
2a 2a

With that, we obtain
Casel two real roots ib? — 4ac >0
Case I areal double root i#* — 4ac =0
Case lll: complex conjugate rootslif — 4ac <0

Consider these three cases, namely, the solutibtie cuxiliary equation corresponding to

distinct real roots, real but equal roots, andgugmate pair of complex roots.
CASE 1: DISTINCT REAL ROOTS #1 #15)

The general solution of (4) dis

y = e +c, et

wherec; andc; are arbitrary constants.
Example 4

Find the general solution of y" + 5y' + 6y = 0.
Solution:

The characteristic equation is

A2+51+6=0
A+2)A+3)=0
A=—-20rA=-3. The roots are — 2 and — 3.
Thus, the general solution is Y = Cle_zx + Cze_3x.
CASE |I: REPEATED REAL ROOTS A1 =A2)
The general solution of (4) dRis
y = ge™ +c xe
wherec; andc; are arbitrary constants.
Example 5
Solve the differential equatiog” + 4y' + 4y = 0.
Solution:
The characteristic equation is
A +4)+4=0
(A+2%=0  Sol= -2 (repeated)

Thus, the general solution igy = qe—2x + sze_zx,
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CASE lll: CONJUGATE COMPLEX ROOTS 41, A2 are complex)

If ArandA2 are complex, then we can write
AM=a+ifandl=a-if

whereag andf> 0 are real.

Therefore, the general solution of (4) Ris

y= Ae(a+i,3)x + Be(a—iﬁ)x
which can be expressed in the following form byhgdtuler’s formula
€% = cosf+ising
y = ge™ cospfx + c,e™ sin X
= e™(c, cosfx + ¢, sin fX).

wherec; andc; are arbitrary constants.

Example 6
Find the general solution ofy” + 9y = 0.
Solution:

The characteristic equation is
A2+9=0
A =13
The general solution isy =cicos 3x + gsin 3x.

Summary of Case |, I, and I
ay”+by +cy=0 ........ 4)
Case| Roots of Basis of General Solution of (4)
characteristic equation| solutions of (4)
al’+bl+c=0
Distinct real AX X L x Aox
A1, A2 el 1e2 y_Clel +C262
Repeated real root
- 1 = A
I [A=hEk e™,xe™ | y=(c, +cx)e”
Complex conjugates .
Mh=a+ip e”* cosf X, y=€"(G cogx+c,sinGX)
1 A=a-ip ax - or
e7SINSX | y=ce™ cogx+ ce™ sinBx
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9.52 NON-HOMOGENEOUSEQUATIONSWITH CONSTANT COEFFICIENTS
In this section, we show how to solve non-homogesdimear differential equations
ay” +by +ceyr(x) (5)
wherea,b, and are constantandr(x) # 0.
The corresponding homogeneous equation of (5) is
ay”+by'+cy=0 (6)
It can be shown that thgeeneral solutionof the non-homogeneous equation (5) is given by
Y = nfx) + W(X) (7)

whereyh = c1y1(X) + cy2(x) (also known agomplementary functiohis the general solution
of the homogeneous equation (6) gpds aparticular solution of (5).

Method of solving nonhomogeneous DE with constapeficients
Step 1: Solve for homogeneous equation (6).
Step 2: Find any particular solutigpof (5).
Step 3: Form general solutign= yh + yp
Example 7

Find a particular solution ofy” + 9y = 27.

Solution: Sincer(x) = 27 we assume that a particular solution is giveny, = A whereA is
a constant. Substituting, = A into the above DE and noting thgt = 0, we have

§ +9yp=0+9A= 27

Therefore A 3 and a particular solution is given by ¥ 3.

9.4.2.1 Method of Undeter mined coefficients

The method of undetermined coefficient is a techaifipr determining a particular solution
Yp-

Rules for the Method of Undetermined Coefficients

(a) Basic Rule

If r(x) is one of the functions in the first column in tadle below, choose the corresponding
functiony, in the second column and determine its undeterinooefficients by substituting
Yp and its derivatives into (5).
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Term inr(x) Choice foryp
ke” Ce”
k'(n=0,1--) | K. X"+ K _ X"+ + K X+ K,
k coswx _
. K coswx+ M sinwx
k sincwx
ke™ coswx < Ve
e”™ ( Kcoswx+ M sinw
ke sinwx ( )9
X" COSwX .
n o }(Knxn + Kn—lxn_l +...4+ KO)COSC!)X'l' (I.n ){1 + I'n—l ){1_1 +.i. + Lf) )S|rw)<
X" sinwx
Example 8

Solve y'+4y'-2y=2%-3x+6

Solution:
Step 1.  We first solve the associated homogeneous equation
y'+4y' -2y =0.
The characteristic equation is
A2 +41-2=0

- —41\2/16+ 8/ NG

0 Y, = Clé—z+ﬁ3)x +G é—z—J?s)x

Step 2. Solve for particular solution

Sincer(x) = 2x? - 3x + 6is a quadratic polynomial, we assume
Yo = AX% + Bx + C.
Then Y =2Ax+B and g’ =2A
Substituting into the equation, we have
2A + 4(2AX + B) —2(AX + Bx + C) = 2x* -3x + 6
Equating coefficients: —2A=2,8A-2B=23+4B-2C =6

Solving: A=-] B:—g,C:—Q

5
Oy, =—x*-=x-9
Yp >

Step 3.  The general solution of the given equatien

V) = o+ Y = GET ¢ BT - -3 xO

(b) Sum Rule.
If r(x) consists of sum ofnterms of the kind given in above table, the assiongor a
particular solution ofy | consists of the sum of the trial fornys, » ¥, ¥y

corresponding to these terms
yp = ypl + yp2 +... 4+ ypn_
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Example 9
Find the general solution of the equation
2
M+5ﬂ—6y=e_zx +2-X.
dx?>  dx
Solution:

Step 1. We first solve the associated homogenequaton
The characteristic equation is

M+B\-6=0
A-1D(A+6)=0
A=1lorA=-6

[7 Yo = C1€° + Coe 6%

Step 2. Solve for particular solution.
Sincer(x) = €2+ 2 — xis the sum of two types of functions from the
table in (a) (viz. exponentigbalynomial) , we assume
y, = Ae”,y, =Bx+C
Let yo = Ae®+Bx + C
O Yp =-2Ae >+ B
Vo' = 4A e
Substituting into the equation, we have

[You are required to fill in the intermediate steps.

~12A=1, -6B=-1, 5B—6C=2
A=-p=1c- 4

6 36
Oye =

Step 3. The general solution of the given etjoa is

12 6 36

(c) Modification Rule.
If a term in your choice fory, contains terms that duplicate termsyin, then thaty, must

be multiplied byx", wheren is the smallest positive integer that eliminatest tuplication.

Example 10
Find the general solution of the equation
d’y _,dy, . _
e ZatYTe
Solution:
Step 1. We first solve the associated homogenegustion
The characteristic equation is
N-2A+1=0
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()\ - 1)2 =1 [You are required to fill in the intermediate staps.

[Tyh = c1€" + Cotef

Step 2. Solve for particular solution.
Sincer(t) = e'is a term iny;, we assume
Yo = Atzé

0 yy =2Ate+Ag ¢
Yo' = 2A ¢ +4Ate +At? ¢

[You are required to fill in the intermediate steps.

Substituting into the equation, we haﬂve%

Step 3. The general solution of the given eqaatis

1
y:yh+yp:cle‘+czte‘+5t2et.

Example 11
Given that the functiogi(x)=e>* andy(x) = €* are both the solutions of the
homogeneous equation, find the general solutiche@tquation

d’y , . dy

—+3—=-10y=x(& +1

dé  dx Oy = x( )
Solution:

Step 1. We first determine the solution of thesociated homogeneous equation
Sinceyi(X)=e>* andyz(x) = e** are both the solutions of the homogeneous
equation

[Jyn = c1&8> + o €2
Step 2. Solve for particular solution.
Sincer(x) =x ( € + 1) is a combination of two functions, we assume
¥ = (Ax + B)g“ + Cx + D [Do you understand how the rules are applied?
O Yo = (AX + Bjg* + Ae‘ +C
Yo' = (AX + B + 2A¢e
[You are required to fill in the intermediate steps.
Substituting into the equation, we have
A:—E B:—i C:—_l D:—_3
6 36 10 10C
Step 3. The general solution of the given eqoatis

_ 1 5 1
=y +y =Cce¥+ &+ - x| b-— x——
Y=hTH =G ¢ ( 6 36) 10 ~ 10C

--------------------------- THE END---x-nenme-

(nby, July 2016)



